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For an indefinite quadratic form f (x, ,..., xn) let P(f) denote the greatest lower 
bound of the positive values assumed by f for integers x, ,..., x,. This paper 
investigates the values of P’/jd( for nonzero ternary forms of signature -1 and 
tinds two new classes of forms with P3/(dl > 4. 
1. INTR~DUCTI~N 
In this paper, as in [3], f=f(x i,..., x,) will always be an indefinite 
nonsingular quadratic form with real coefficients. Iff is of type (r, n - r), its 
signature s = s(f) is 2r - n, and we use the non-Gaussian discriminant 
d = d(f) # 0 defined as in [5]. This definition has the attractive property 
that d is an integer whenever the coefficients off are integers. We follow 
11, 2, 31 in denoting by P = P(f) the greatest lower bound of the positive 
values assumed by f for integers x, ,..., x,. Similarly we use N = N(f) to 
denote the greatest lower bound of the positive values assumed by -f for 
integers x, ,..., x n ; thus N(f) = P(-f ). 
The discussion of many problems about quadratic forms is often helped by 
considering two distinct cases: firstly, when f is a zero form or, in other 
words, f(x) = 0 for some nonzero x; secondly, when f(x) # 0 for every 
nonzero integral x. The first of these cases tends frequently to be easier. The 
present problem of finding best possible upper bounds for 4(f) = P/l dl is 
no exception, and the only remaining difficulties occur when f is a nonzero 
form. In particular the least upper bound of 4(f) is unknown for nonzero 
quaternary forms of signature -2, although from [4] it is known to be at 
least &. Worley [6] showed that it is possible to obtain good upper bounds 
for 4(f) when (n, s) = (4, -2) from good upper bounds when 
(n, s) = (3, -l), and [3] began the process of obtaining a small upper bound 
for 4(f) when (n, s) = (3, -1) apart from a finite number of exceptional 
forms. In this paper we continue that process and find two more exceptional 
forms. 
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2. STATEMENT OF THEOREM AND NECESSARY LEMMAS 
LEMMA 1. For each i = 1,2, define the forms h =4(x, y, z) by 
fi(x,y,z)=-(x+~y)*+~(lsy*+ 12yz-422); (2-l) 
f2(x, y, z) = - (x + f y)’ + -&(27y2 + 24yz - 8z*). (2.2) 
Then in each case fi is a nonzero ternary form of signature -1, with 
WJ = 1, P(A) = 5, and with d(fi) = # and #(f2) = 3. 
Proof: The forms f,, 3f2 are integral forms, whereupon we examine their 
values modulo 4 and 27 in the case off,, modulo 9, 25, and 128 in the case 
off*. It follows that f, does not represent any value in the open interval (-1, 
5) and 3f2 does not represent any value in (-3, IS). Thus each f;. is a 
nonzero form with N(&) = 1 = -h( 1, 0, 0), and P(f;:) =f,(2, 1,0) = 5. Since 
d(f,) = -216, d(f,) = -250, we have #(fi) = g = 0.5787... and $(f2) = +. 
LEMMA 2. Let f =f (x, y, z) be a nonzero ternary form of signature -1 
with Q(f) > f. Then we may assume that 
Iv(f)= 1 
and that 
(2.3) 
with 
f(x,y,z)=- (x + ay +@z)‘+k,(y + Or)* - k,z* (2.4a) 
d(f) = -4k, k,. (2.4b) 
Also g(y, z) = k,(y + 0~)’ - k,z* is a nonzero form with 
k, = P(g) > 0, 
k, > 0, 
mi!)2+5 
and 
0<8<$ 
-4 <P<f, 
O<a<i. 
Proof: This follows from [3, Eqs. (3.1b(3.6)]. 
(2.5a) 
(2.5b) 
(2.6) 
(2.7a) 
(2.7b) 
(2.7~) 
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Henceforth we shall always assume that the nonzero ternary form f has 
signature -1, 4(f) > f, and that (2.3)-(2.7) hold. Notice that g(1, -1) = 
k,(l-O)2-k,<k,-kz<P(g), so g(1, -1) andf(x, l,-l)=g(l,-i)- 
(~+a-~)~arealwaysnegative.Forsomex=O,-l,~x+a-~~=/(a-~~~, 
the distance, taken positively, from a - j3 to the nearest integer, so with (2.3) 
g(l,-1)=k,(l-0)2-k,<~~a-~~~2- 1 G-2. (2.8 1 
) (2.9 
(2.10 
From (2.8) (2.7a) we have 
k, > k,(l - 8)’ + + > +k, + + 
which, with (2.4b), gives 
id(f)/=4k,k2>k;+3k,. 
LEMMA 3. Iff satisfies the hypotheses and assumptions of Lemma 2, the 
coeflcient k, must satisfy 
+a’ - 1 <c < k, < $(a + l)* - 1, (2.11) 
where a is a natural number with 5 < a < 23 and c is any real number such 
that 
[c - +(a - 1)z]3/(c2 + 3~) < +. 
Proof This follows from (3.1 lb(3.15) and Theorem 2 of [ 3 1. 
In the previously known extreme forms, which all have 4(f) > f, k, in 
each case occurs in an interval (2.11) for a = 5, 7, or 10 (see [3, 61). All the 
forms in these intervals satisfying Q(f) > 4 were given in [3, Theorem 2 1. 
The present paper deals with a = 6 and we prove the following result: 
THEOREM. Suppose that f =f (x, y, z) is a ternary form with s(f) = -I. 
that (2.3~(2.7) are satisfied and that (2.11) holds with a = 6. Then iJ’ 
Q(f) > t. f must be one of the forms f,, f2 defined in Lemma 1 above. 
The form f, here is particularly interesting since its associated binary form 
g( J’, i) is a constant multiple of the g associated with the form f, of (3 1. 
LEMMA 4. Suppose that f satisj?es the hypotheses and assumptions of 
Lemma 2 and that (2.11) holds. Then for each a with 5 < a < 23 we have 
k, < [k, - ;(a - 1)*]-‘/2k, < 2(a - l)‘/(a + 3); (2.12) 
e> 1 _ [k,-;(a- 1)21’ 3 -__ / 
i 2kf 4k, 
I”: (2.13) 
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and 
2k,-+>g(l, l)=k,(l +8)*-kkz 
> 4k, - 4 - 2(2[k, - $(a - 1)‘13 - 3k,}“*. (2.14) 
Further, for each a there is a corresponding value of c satisfying the 
conditions of Lemma 3 such that the expressions on the right of (2.13), 
(2.14) are decreasing functions of k, in the interval (c, f(a + 1)2 - 11. For 
a = 5,..., 8 we may take c to be 1.35, 10.35, 13.89, 17.98, respectively, and 
for a > 9 we may choose any c satisfying the conditions of Lemma 3. 
Proof The given inequalities are [3, Eqs. (3.19)-(3.21)]. The suitability 
of the proposed c in each case is a matter of elementary, though tedious, 
manipulation. 
LEMMA 5. Suppose that f and g satisfy the hypotheses and assumptions 
of Lemma 2. Then 
and 
W,=g(l, l>-g(l,-l)>g(l, l)++; (2.15) 
3(g(l, l)-k,)-+&(1,2)=4g(l, l)-3k,-48k,; (2.16) 
g(l,4) = 4g(l, 2) - 3k, - 80k, (2.17) 
= j&(1,3) - +k, - $Bk, ; (2.18) 
g(L l)<g(&--1)=g(l, I)+ 3(1 -Z’)k, 
=3k,-fg(1, l)++g(l,-1)<3k, -+g(l, l)-+. (2.19) 
Proof The identities in (2.15)-(2.18) and the first identity in (2.19) are 
straightforward. The inequality in (2.15) and the last inequality in (2.19) 
follow from (2.8). The first inequality in (2.19) follows from (2.7a), and the 
rest come from (2.15). 
LEMMA 6. Suppose that A, G, and 6 > 0 are real with either 
(i) 15 < G < max[16.25 + 6, 17 + 6/4] or 
(ii) 19.25 < G < max(20 + 6, min[21.25 + 6/4, 20 + 96 + a2]. 
Then there is either an integer x, such that 
-1 <G-(x,+A)‘<4+6 (2.20) 
or there is an integer x2 such that 
-1 <4G-(~,+2,4)~<4+6. (2.21) 
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Proof. The proofs in the two cases (i), (ii) are very similar so we only 
give the proof for (i). If 15 < G < 16.25 + 6, choose x, so that 
3.5 < Ix, + A ] < 4. If 16.25 + 6 < G < 17 + 6/4, then ]]A j] > A - dm 
otherwise (2.20) would still hold. Thus (] U /I < 2\/(G - 4 - 6) - 7 and x2 
can be chosen such that 8 ,< Jx, + 2A ] < 1 + 2G/(G - 4 - S). This choice of 
x2 ensures that 
and 
4G-(x,+U)*<4G-64<4+6 
4G - (x2 + 2/Q2 > 4G - (1 + 2dvj)2 
zz 15+46-4\/0 
> -1. 
3. PROOF OF THE THEOREM 
We may assume from Lemma 4 that 10.35 < k, < 11.25 and from (2.10) 
that P(f) > 4.1, since 4(f) > 4. Then we also have a > 0.42 as otherwise we 
would have one of the inequalities -1 <f(3, fl, 0) < 4.1. Also from (2.14) 
we have 
14.83 < g(1, 1) < 21.75. 
We could not have 14.83 < g(1, 1) < 15 since (2.14) shows that this could 
only happen if k, > 11.2, but then (2.16) and (2.7a) would immediately give 
3 < g(1, 2) < k, contrary to (2.5a). So Lemma 6(i) implies g(1, 1) > 17. Also 
Lemma 6(ii), with 6 = 0.1, shows that if 19.25 < g(l, 1) < 20.9, there would 
be a value off in (- 1,4.1] contradicting P(f) > 4.1. If 20.9 < g( 1, 1) < 2 1.3, 
we would have to have k, > 10.8 (from the first part of (2.14)) and thus 
p(f) a (4 p(f)l)l’3 > 4.2; whence, with 6 = 0.2, we would again have a 
value off in (-l,P(f)). If 21.3 < g(1, l)< 21.75, then the first part of 
(2.14) would give k, > 11.025 and so P(f) > 4.26 and a > 0.467 (else 
-1 <f(3, 1,O) < 3). We would also have I/a +p]] < 0.183 and thus 
I] 2a - PII = I/ 3a - (a + j?)II > 0.218. But (2.19) would imply 
2 1.3 < g(2, -1) < 22 which would make 0 <f(x, 2, -1) < 4.25 for suitable 
x. Hence 
17 < g(1, 1) < 19.25. (3.1) 
If we now had g(2, -1) < 19.25, then from (2.19) we would have 
3(1 - 20) k, < 2.25 and 8 > 0.463; so, from (2.12). 
g(1, l)> (1 +8)* k,- (k, -6.2513/2k, > (1.463)2 k, - [k, -6.2512/2k,. 
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It is not hard to see that in (10.35, 11.251 the minimum value of this last 
expression occurs at k, = 11.25 and it gives g(1, 1) > 18.5. This in turn 
would lead to 3(1 - 2f?) k, < 0.75, B > 0.487, and g(1, 1) > 19.3, contrary to 
(3.1). So we must also have 
g(2, -1) > 19.25. (3.2) 
We must now have k, > 10.5; for k, < 10.5 with (2.14) would give 
g(l, 1) > 19 and this, in (2.19), would lead to g(2, -1) < 20.9. Using 
19.25 < g(2, -1) < 20.9 and Lemma 6(ii) would immediately give a value of 
f in (-1,4.1]. The inequalities k, > 10.5 and a > 0.42 ensure that 
S(l I, -3,O) > -1, so to avoid f( 11, -3,0) < 4.1 we must have 
a>+(ll-dv). This means that 11+4a>~--~~‘~ 
and 
-1 <f(ll,4,0)< 16k,- [+-+dm]’ 
which is less than 4.1 if k, < 10.64. Hence k, > 10.64 and in consequence 
P(j) > 4.17. The same discussion of J(11,4,0) with 4.1 replaced by 4.17 
each time, implies that 
k, > 10.655, P(f) > 4.17. (3.3) 
Further, 0.42 < (r ,< 0.44 gives -1 <f(ll, -3,0) < 4.17 if k, < 10.85, 
-1 <5(3, 1,0) < 3 if k, > 10.85, so we also have 
a > 0.44. (3.4) 
Additionally by taking 6 = 0.17 in Lemma 6(ii) we can replace (3.2) by 
g(2, -1) > 21.29. (3.5) 
Suppose for the moment that g( 1,2) > 21.29. Then, from (2.16), 
g(1, 1) > f(g(l,2) + 0.75) + k, > 18, whence /Ia +p/] > 0.358. Also, from 
(2.19), g(2, -1) ( 23.625 which implies )12a -/Ill] < 0.216, or else 
-1 <S(x, 2, -1) < 4.17 for an x such that 4 < (x + 2a-p] < 5. The identity 
a+2/?=+(a+p)-f(2a-/I) 
now implies ((a + 2/?/I > 0.19 and thus g(l, 2) > (4.19)2 + 4.17 > 21.726. 
The same argument again gives g(1, 1) > 18.14, /la+PII > 0.374 and 
/(a + 2@/] > 0.216. Hence g(l,2) > 24.42 as otherwise -1 <f(x, 1,2) ,< 4.17 
for a suitable x. Moreover (2.16) gives g( 1, 2) < 25.035, and if 
24.75 < g(1, 2) then J(a + 2p]] would be so large that -1 <f(x, 2, 4) < 4 for 
some x. Therefore 
24.42 < g( 1,2) < 24.75 
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and, from (2.16), g(1, 1) > 19.045. Notice that because g(l,2) > 24.42, 
(2.16) also gives k, ( 10.86. Observe now that from (2.15), k, > 10.655, and 
g(l,2) < 24.75 we have 
g(l,5) = 6.25&l, 2) - 5.25k, - 150k, < 24.52. 
Also, from (3.1) and (3.5), 3(1 - 28) k, > 2.04 whence 150k, < 7.5k, - 5.1 
and, with k, < 10.86, 
g(1. 5) > 6.25g(l, 2) - 12.75k, + 5.1 > 19.26. 
However, I/ a + 5pll = 11 +(a + 2p) - 30 /I > 0.3 1 so that necessarily 
20.25 + P(f) < g(1, 5) < 24.52 and P(f) < 4.27. Further (2.15) and 
g( 1, 2) < 24.75 imply 
24.75 > k,(l + 19.75/2k,)’ - 4kz 
and 
4k, > k, + (19.75)‘/4k, - 5 
Hence Id(f)\ = 4k,k, > kf - 5k, + (19.75)‘/4 > 157.7. and this gives the 
contradiction P(f) > 4.28. 
Therefore we must have g(1, 2) < 21.29 and, with Lemma 6(ii), 
g(l,2)< 19.25. Then (2.15) and (2.17) give g(l,4) < 10 < P(g), and 
because N(g) 2 + we must actually have 
g(L4)G-a. (3.6) 
Together with 8 < 4 and (2. IS), this implies g( 1, 3) < 13, whence 
g(1, 3)< 11.25 or -1 <f(x, 1,3) < 4 for some x. Also (2.12) and (2.15) 
give kz ,< F, 8> 17.75/46, and these make g(1, 3) positive. Hence 
k, < g( 1, 3) < 11.25. (3.7) 
From (3.6). (3.7) we also have 
+g(l,3)-g(l,4)=$k,+ +dk,>+k,+-+. 
whence 
Now the second inequality in (3.7) can be rewritten as 
k, > +[k,( 1 + 30)’ - 11.25 1, (3.9) 
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using the variable lower bound from (3.8) we arrive at /d(f)] = 
gkf - Tk, + a. Since k, > 10.655, this implies P(f) > 4.57 
and thus k, > 6.25 + 4.57 = 10.82. By repeating the argument we obtain 
and by 
% k, > 
P(f) > 4.62 and k, > 10.87. (3. IO) 
In order to avoid -1 <f(3, f 1,O) < 4.62 we must also have a > 0.465 and, 
from (3.7), (]a + 3/?]] > 0.465. However (3.1) implies ](a +p]] > 0.35, which 
makes it easy to see that 0 < a + 3p < 1.1, and thus 
0.465 < a < 0.5 and 0.465 < a + 3/I < 0.535. (3.11) 
The remainder of the proof splits into two cases according as 
g(1, 1) < 17.25 or g(1, 1) > 17.25. The first case gives rise to the form f,, 
and the second to f.. 
Case 1. g(1, l)< 17.25. Here g(1, 1) > 17.15 as otherwise Lemma 6(i) 
would give a value of f in (-1,4.6]. Now if g(2, -I)< 22.1, then 
3(1 - 28) k, < 4.95 whence 8 > f - (1.65/2k,) and with (3.9) this would 
lead to P(f) > 4.75 and k, > 11. The identity 
g(3, -2) = jg(l, 3) - llg(1, 1) + yk, 
would then give g(3, -2) > 30.25. If g(2, -1) > 22.1, we immediately obtain 
g(3, -2) = &g( 1,3) + +(2, -1) - +-kl > 29.25. Now (3.11) gives 
II3a - 2011 > 0.32, so in both instances we must actually have g(3, -2) > 
30.25 + P(f) > 34.87, for otherwise -1 <f(x, 3, -2) < 4.62 for some x. 
Since the right-hand side of the last displayed identity is at least 34.87, we 
also get k, > 11.16 and can thus improve (3.11) to a > 0.487 (or else 
-1 <f(3,1,0) < 3) and ](a + 3p]] > 0.487. Hence I/8a - 7pl] < 0.17 and 
with 
g(8, -7) = +$g(l, 3) + $g(3, -2) - +k, > 65 
we must have g(8, -7) > 64 + P(f) > 68.62. Thus 
g(19, -18) = $g(l, 3) + wg(8, -7) - yk, > 8 
and so g(19, -18) > k,. Combining this with g(18, -18) = 324g(l, -1) and 
using (2.8) gives 
g(19, -18) -g(18, -18) = 37k, - 360k, 2 k, + 243, 
which results in 
6’< 1 - (27/4k,) < 5. (3.12) 
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Taken together, (3.8) and (3.12) imply that 0= 4 and k, = 11.25. Then 
a = 4 and g(l.3) = k, gives /3 = 0 and k, = 4.8. So f = f, . 
Case 2. g(1, 1) > 17.25. Here (3.11) gives \)3a + 3,811 > 0.39, whence 
-1 <S(x, 3, 3) < 4.62 for some x, unless g(1. 1) > 17.87. This makes 
g(2, -1) = 6.75k, - 3g(l, 1) + a g(l,4) < 22.14 and 3(1 - 26) k, < 4.3. The 
implied lower bound for 0, when used in (3.9), produces Id(f)/ > 223.98, 
P(f) > 4.82, and thus k, > 11.07; and another iteration gives P(f) > 4.89 
and k, > 11.14. Then a > 0.49 as otherwise -1 <f(3, fl, 0) < 4.89, and so 
-1 <f(17,6,0) < 4.89 or -1 <f(23. -6,0) < 4.89 unless k, > 11.246. This 
last inequality means that we may replace (3.11) by 
0.499 < a < 0.5 and 0.499 < a + 3p < 0.501. (3.13) 
Therefore j(6a - 3/3Ij < 0.009 and -1 cf(x, 6. -3) ( 4 if 21$ (g(2, -1) < 
22.14, so we must have 
Further g(6,-5)=%g(lq3)+Fg(2,-l)-yk, < 21.8: but 1118a-15jIII 
< 0.03, whence 
g(6, -5) < y. (3.15) 
so 
~g(l,3)-g(6,-5)=(+%-~)k,>~k,+ 
which implies 
0>++(13/46k,). 
This lower bound: with (3.9), implies 
P(f) > (2k,k,)“3 > [$($k, - -&’ - ;k,]“3 =p(k,). 
But (3.13) means that 0 (f(23, -6,0) ,< 36k, - 400 < P(f) unless 
k, > +(400 + J’(f)) 2 +(400 + p(k,)) = E(k,). 
(3.16) 
In (11.246, 11.251 it is easy to check that k, - E(k,) is an increasing 
function of k, and that E(11.25) = 11.25. So in the given range k, >E(k,) 
implies k, = 11.25. Then (2.12), (3.9), and (3.16) imply k, = 9 and 8 = $. 
Also k, = g(l, 3) = 11.25 gives a = 4, p = 0 so f is the form fi of Lemma 1. 
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